The baryon electromagnetic form factors are expressed in terms of two-dimensional densities describing the distribution of charge and magnetization in transverse space at fixed light-front time. We calculate the transverse densities of the spin-1/2 flavor-octet baryons at peripheral distances b = O(M −1 π ) using methods of relativistic chiral effective field theory (χEFT) and dispersion analysis. The densities are represented as dispersive integrals over the imaginary parts of the form factors in the timelike region (spectral functions). The isovector spectral functions on the two-pion cut t > 4 M 2 π are calculated using relativistic χEFT including octet and decuplet baryons. The χEFT calculations are extended into the ρ meson mass region using an N/D method that incorporates the pion electromagnetic form factor data. The isoscalar spectral functions are modeled by vector meson poles. We compute the peripheral charge and magnetization densities in the octet baryon states, estimate the uncertainties, and determine the quark flavor decomposition. The approach can be extended to baryon form factors of other operators and the moments of generalized parton distributions.
Introduction
Exploring the spatial structure of hadrons and their interactions is a central objective of modern strong interaction physics. The description of hadrons as extended objects in relativistic space-time enables an intuitive understanding of their structure and permits the formulation of novel approximation methods based on physical distance scales. The most basic information about spatial structure comes from the transition matrix elements (or form factors) of electroweak current operators, which reveal the distributions of charge and current in the system. In non-relativistic systems, such as nuclei in nuclear many-body theory, the form factors are represented as the Fourier transform of 3-dimensional spatial distributions of charge and current at a fixed instant of time x 0 = const. These distributions can be related to probability densities of the N-particle Schrödinger wave function. In relativistic systems such as hadrons the formulation of a density requires separating the structure of the "system" from that of the "probe" in the presence of vacuum fluctuations that change the number of constituents. This is accomplished in a frame-independent manner by viewing the system at fixed light-front time x + = x 0 + x 3 (light-front quantization) [1, 2, 3, 4] . In this framework the form factors are represented in terms of 2-dimensional spatial distributions of charge and current at fixed light-front time x + = const. [5, 6, 7, 8] . The transverse densities are frame-independent (they remain invariant under longitudinal boosts and transform kinematically under transverse boosts) and provide an objective spatial representation of the hadron as a relativistic system. The properties of the transverse densities of mesons and baryons, their extraction from experimental data, and their explanation in dynamical models have been discussed extensively in the literature [8, 9, 10, 11, 12] ; see Ref. [13] for a review. An important aspect is that the transverse densities are naturally related to the partonic structure of hadrons probed in highenergy short-distance processes (generalized parton distributions, or GPDs). The densities describe the cumulative charge and current carried by the quarks/antiquarks in the hadron at a given transverse position and represent the integral of the GPDs over the quark/antiquark light-front momentum fraction [6, 7, 14] ; see Refs. [15, 16] for a review. This relation places the study of elastic form factors in the context of exploring the 3-dimensional quark-gluon structure of hadrons in QCD.
Of particular interest are the transverse densities at distances of the order b = O(M −1 π ), where the pion mass is regarded as parametrically small on the hadronic mass scale (as represented e.g. by the vector meson mass M V ) [17, 18] . At such "peripheral" distances the densities are governed by the effective dynamics resulting from the spontaneous breaking of chiral symmetry and can be computed model-independently using methods of chiral effective field theory (χEFT) [19, 20] ; see Refs. [21, 22, 23] for a review. The peripheral densities are generated by chiral processes in which the hadron couples to the current operator through soft-pion exchange in the t-channel. The nucleon's peripheral charge and magnetization densities (related to the electromagnetic form factors F 1 and F 2 ) were studied in Ref. [18] using relativistic χEFT in the leading-order approximation. The densities decay exponentially at large b with a range of the order 1/(2M π ), and exhibit a rich structure due to the coupling of the two-pion exchange to the nucleon. It was found that the peripheral charge and current densities are similar in magnitude and related by an approximate inequality. These properties are a consequence of the essentially relativistic nature of chiral dynamics [the typical pion momenta are O(M π )] and can be understood in a simple quantum-mechanical picture of peripheral nucleon structure [24, 25, 26] . It was also shown that the χEFT densities exhibit the correct N c -scaling behavior if contributions from ∆ isobar intermediate states are included [18, 26] .
The study of peripheral transverse densities is closely connected with the dispersive representation of the nucleon form factors. The form factors are analytic functions of the invariant momentum transfer t and can be represented as dispersive integrals of their imaginary parts (spectral functions) on the twopion cut at timelike t > 4 M 2 π . The integration extends over the unphysical region below the nucleon-antinucleon threshold, where the spectral functions cannot be measured directly, but can be calculated theoretically using χEFT [27, 28, 29, 30, 31] and dispersion theory [32, 33, 34, 35, 36] , or determined by fits to the spacelike form factor data [37, 38, 39] . The transverse densities are given by similar dispersive integrals, in which the spectral functions are integrated with an exponential weight factor ∼ exp(−b √ t), suppressing the contribution from large masses [17, 40] . At distances b = O(M −1 π ) the integration is limited to the near-threshold region t − 4 M , where the spectral functions are governed by chiral dynamics. The peripheral densities thus represent "clean" chiral observables and are ideally suited for χEFT calculations. Quantitative studies in Ref. [40] found that at distances b > 3 fm the dispersive integrals for the densities are dominated by the region 4 M 2 π < t 10 M 2 π , where the isovector spectral functions can be computed directly using fixed-order χEFT. To obtain the densities at smaller distances b ∼ 1 fm one needs to construct the spectral functions at larger values of t, where they are affected by strong ππ rescattering in the t-channel and the ρ meson resonance at t ∼ M 2 ρ = 30 M 2 π . This can be accomplished in an approach that combines χEFT with a dispersive technique based on elastic unitarity in the t-channel.
In this article we study the peripheral transverse densities of the spin-1/2 flavor-octet baryons using methods of χEFT and dispersive analysis. We calculate the spectral functions of the isovector electromagnetic form factors on the two-pion cut at t > 4 M 2 π , using relativistic χEFT with S U(3) flavor group and explicit spin-3/2 decuplet degrees of freedom at O( 3 ) in the small-scale expansion. The calculations are extended from the near-threshold region to masses t ∼ 16 M 2 π and higher, using a dispersive technique that incorporates ππ rescattering through elastic unitarity and the pion electromagnetic form factor data. The method allows us to compute the isovector transverse densities at distances b 1 fm with controlled uncertainties. For the isoscalar densities we construct an empirical parametrization of the spectral function in terms of vector meson poles (ω, φ) using S U(3) symmetry. We present the isovector and isoscalar peripheral transverse densities of the individual octet baryons and discuss their properties. We also calculate the flavor decomposition of the peripheral densities and compare it to the baryons' valence quark content.
The treatment of spectral functions and transverse densities presented here goes beyond that of previous studies in several aspects. First, the χEFT calculations are performed with the S U(3) flavor group, which allows us to study for the first time the peripheral densities of all octet baryons resulting from twopion exchange in the t-channel (contributions from two-kaon exchange are included as well but turn out to be negligible at peripheral distances). Second, the spin-3/2 decuplet baryons are included in the χEFT calculations using a consistent Lagrangian, which eliminates off-shell effects in physical observables. This approach, together with a fully relativistic formulation of χEFT with baryons via the extended-on-mass-shell (or EOMS) scheme [41] , overcomes certain specific difficulties that arise in χEFT calculations of fundamental processes [42, 43, 44, 45, 46] and has been applied successfully to the form factors of the nucleon and the ∆ isobar [47] , the magnetic moments of the octet and decuplet baryons [48] , the axialvector charge of the octet [49] , and to the calculation of quantities like the nucleon σ-terms and two photon exchange corrections to the muonic hydrogen Lamb shift [50, 51, 52] , which are used in searches of physics beyond the standard model. Earlier χEFT calculations of peripheral densities [18, 26] included the ∆ isobar through a "minimal" πN∆ coupling with off-shell dependence; this scheme was sufficient to achieve proper N cscaling of the spectral functions and densities, but could not fix the contact terms associated with the isobar contribution; see Ref. [18, 26] for details.
Third, we extend the range of the χEFT calculation of the spectral function beyond the near-threshold region by combining it with a dispersive method based on elastic unitarity. It uses the representation of the spectral functions on the two-pion cut as the product of the ππ → BB t-channel partial-wave amplitudes in the I = J = 1 channel, Γ B i (t) (i = 1, 2), and the complex-conjugate pion form factor, F * π (t). Chiral EFT is used to calculate the real function Γ B i (t)/F π (t) (i = 1, 2), in which the common phase due to ππ rescattering cancels by virtue of the Watson theorem [32, 33, 34, 53] ; the result is then multiplied by the empirical |F π (t)| 2 measured in e + e − annihilation experiments, which contains the ππ rescattering effects and the ρ resonance. The "improved" χEFT spectral functions thus obtained agree well with the empirical spectral functions (obtained by analytic continuation of the partial wave amplitudes) [37, 35] up to t ∼ 16 M 2 π and have qualitatively correct behavior even in the ρ meson mass region. The agreement is achieved without adding free parameters and represents a genuine prediction of χEFT at O( 3 ); the inclusion of higher-order chiral corrections might further improve the accuracy of the results in the ρ meson mass region. The method allows us to compute the isovector transverse densities down to distances b ∼ 1 fm with controlled accuracy and results in a major overall improvement in the description of peripheral nucleon structure. The method could be extended to the spectral functions of other form fac-tors with two-pion cut and their transverse densities [54] . The technique described here is a variant of the N/D method of amplitude analysis [55] , which was employed in applications of χEFT to meson-meson, meson-baryon, and baryon-baryon scattering [43, 56, 57, 58, 59, 60, 61] . A similar approach was used in a recent study of the Σ-Λ transition form factors [62] .
The article is structured as follows. In Sec. 2 we summarize the basic properties of the transverse densities and discuss their dispersive representation. In particular, we analyze the distribution of strength in the dispersion integral for the densities at different distances and identify the regions of t where we need to calculate the spectral functions. In Sec. 3 we describe the χEFT calculation of the isovector spectral functions, the improvement using dispersion theory, and the modeling of isoscalar spectral functions. In Sec. 4 we present the results for the charge and magnetization densities of the octet baryons and discuss their properties. We also perform the flavor separation of the transverse densities and discuss the connection with partonic structure. A summary and outlook on further studies are given in Sec. 5. Technical material is collected in the appendices. Appendix A describes the validation of the form factor calculations. Appendix B discusses the role of the off-shell behavior of the χEFT with ∆ isobars and compares our results with previous calculations. Appendix C describes our model for the coupling of isoscalar vector mesons to the S U(3) octet baryons. Preliminary results of the present study were reported in Ref. [63] .
Transverse densities

Form factors and transverse densities
The transition matrix element of the electromagnetic current between states of a spin-1/2 baryon B with 4-momenta p and p is of the general form
where u(p) andū(p ) are the Dirac spinors of the baryon states, m B is the baryon mass, ∆ = p − p is the 4-momentum transfer, and σ µν = (i/2) γ µ , γ ν . The form factors F B 1 (t) and F B 2 (t) (Dirac and Pauli form factor) are functions of the Lorentzinvariant momentum transfer t = ∆ 2 , with t < 0 in the physical region of elastic scattering. They are invariant functions and can be measured and interpreted without specifying the form of relativistic dynamics or choosing a reference frame. The isospin decomposition of Eq. (1) in the case of S U(3) octet baryons (B = N, Λ, Σ, Ξ) will be described below.
In the light-front form of relativistic dynamics one considers the evolution of strong interactions in light-front time The form factors are then represented as Fourier transforms of two-dimensional spatial densities (transverse densities)
where b ≡ (b x , b y ) is a transverse coordinate variable and b ≡ |b|; we follow the conventions of Ref. [18] . The spatial integral of the densities reproduces the total charge and anomalous magnetic moment of the baryons,
The functions thus describe the transverse spatial distribution of charge and magnetization in the baryon. The interpretation of ρ B 1 (b) and ρ B 2 (b) as spatial densities has been discussed extensively in the literature [6, 7, 13] and is summarized in Ref. [18] . In a state where the baryon is localized in transverse space at the origin, and its spin (or light-front helicity) quantized in the y-direction, the expectation value of the current J + (x) at x + = x − = 0 and transverse position x T = b is given by
Here (...) represents a factor resulting from the normalization of states (see Ref. [18] for details), φ is the angle of the vector b relative to the x-axis, and S y = ±1/2 is the spin projection in the y-direction in the baryon rest frame (see Fig. 1 ). ρ B 1 (b) describes the spin-independent part of the plus current in 3 a localized baryon state, while cos φ ρ B 2 (b) describes the spindependent part of the current in a transversely polarized baryon. Other aspects of the transverse densities, such as their connection with the partonic structure and GPDs, are discussed in the literature and reviewed in Ref. [13] .
In the present work the concepts of light-front quantization are used only for the interpretation of the transverse densities but will not be employed in the actual calculations. Dynamical calculations (chiral EFT, dispersion theory) will be performed at the level of the invariant form factors, from which the densities can be obtained by inverting the Fourier transform of Eq. (2). The advantage of transverse densities is precisely that they connect light-front structure with the invariant form factors, for which well-tested theoretical methods are available. An alternative approach, in which dynamical calculations in chiral EFT are performed directly in light-front quantization, is described in Refs. [24, 25, 26] .
Dispersive representation
The baryon form factors are analytic functions of t, with singularities (branch points, poles) on the positive real axis. Assuming power-like asymptotic behavior
, as expected in perturbative QCD and supported by present experimental data for the nucleon, the form factors satisfy unsubtracted dispersion relations of the form
Here the form factors are expressed as integrals of their imaginary parts (or spectral functions) on the principal cut on the physical sheet. The singularities at t > t thr correspond to processes in which the current produces a hadronic state that couples to the baryon-antibaryon system, current → hadronic state → BB (see Fig. 2 ). The hadronic state with the lowest mass is the two-pion state with threshold at t thr = 4 M 2 π , produced by the isovector current (anomalous thresholds with t thr < 4M 2 π in the strange octet baryon form factors will be discussed in Sec. 3.2). At larger values t 1 GeV 2 the dominant states are the vector mesons appearing as resonances in the two-pion channel (ρ, isovector) and the three-pion channel (ω, isoscalar). At even higher t the spectral functions receive contributions from KK states and the φ resonance, and from other multi-hadron states whose composition is not known in detail. Most of the relevant states lie below the BB threshold (t = 4 m 2 N = 3.5 GeV 2 for the nucleon), in the unphysical region of the current → BB process, where the spectral functions cannot be measured directly in conversion experiments, but can only be calculated theoretically. Methods for constructing the spectral functions in different regions of t (χEFT, dispersion analysis) will be described below.
A similar dispersive representation can be derived for the transverse densities associated with the form factors, Eq. (2). Calculating the transverse Fourier transform of the form factors as given by Eq. (7), and using Eq. (6), one obtains [17, 40] 
where K n (z) (n = 0, 1) denotes the modified Bessel functions of the second kind. This representation has several interesting properties. (a) The modified Bessel functions decay exponentially at large arguments,
. (10) The dispersive integrals for the densities therefore converge exponentially at large t, while the original integrals for the form factors converge only like a power. This greatly reduces the contribution from the high-mass region where the spectral functions are poorly known. (b) The density at a certain b is given by the integral of the spectral function with the "exponential filter" K n ( √ tb). The distance b therefore represents an external parameter that allows one to effectively select (emphasize or de-emphasize) certain mass regions in the spectral function. The large-distance behavior of the densities is governed by the lowest-mass states in a given channel. We shall use this property to identify the region of b in which the densities are dominated by values of t close to the two-pion threshold, where the spectral functions can be computed using χEFT and dispersion theory. (c) The representations Eqs. (8) and (9) incorporate the correct analytic behavior of the form factors and can be used to study the large-distance asymptotics of the densities. 1 It is instructive to study the distribution of strength in t in the dispersive integrals for the baryon densities, Eqs. (8) and (9), at different b [40] . For this purpose we consider the nucleon form factors, whose isovector spectral functions at t < 1 GeV 2 have been calculated using amplitude analysis techniques (analytic continuation of the ππ → NN partial-wave amplitudes [35, 37] , Roy-Steiner equations [36] ). Figures 3a and b show the spectral functions of the nucleon's isovector form factors F V 1 and F V 2 obtained in Ref. [36] . One observes the rise of the spectral functions in the region above the two-pion threshold t > 4 M √ tK 1 ( √ tb), for b = 1, 2 and 3 fm. (The plots show the distributions in t normalized to unit area under the curves, to facilitate comparison of the relative distribution of strength at different b.) One sees that for b = 3 fm the dominant contribution to the integrals arises from the near-threshold region t < 0.3 GeV 2 , while the vector meson region t ∼ 0.5 GeV 2 is very strongly suppressed. For b = 2 fm the near-threshold region still gives the main contribution to the integrals, but the vector meson region becomes noticeable, especially in ρ V 2 . For b = 1 fm, finally, the vector meson mass region gives the main contribution to the integrals. These estimates illustrate in what regions of t we need to calculate (or model) the spectral functions in order to compute the densities at a given b, and how the uncertainties of the spectral function in the different regions affect the overall uncertainty of the densities. Similar estimates can be performed for the isoscalar densities of the nucleon and the densities of the other flavor-octet baryons, using the spectral functions calculated below.
In this work we use relativistic χEFT to calculate the isovector spectral functions of the flavor-octet baryons on the twopion cut. The relativistic χEFT framework correctly implements the subthreshold singularities of the form factors on the unphysical sheet, which result from the baryon Born terms and account for the steep rise of the isovector spectral function above threshold [27, 28, 29, 30, 31] . The inclusion of the decuplet baryons as dynamical degrees of freedom implements also the Born term singularities further removed from the physical region, which become important at larger t. To extend the χEFT calculations of the spectral functions into the vector meson mass region we combine them with a dispersive technique that incorporates the pion form factor data from e + e − annihilation experiments [32, 33, 37] . In this way we construct the isovector spectral functions of the octet baryons up to t ∼ 0.3 GeV 2 with an estimated uncertainty < 30%, and up to t ∼ 1 GeV 2 with somewhat larger uncertainty. The isoscalar spectral functions we model by phenomenological vector meson exchange (ω, φ). Non-resonant isoscalar contributions from kaon loops in the S U(3) EFT turn out to be negligible. Altogether, these methods allow us to compute the peripheral densities of the octet baryons at distances b 1 fm with controlled accuracy.
Isospin structure
In the present study we consider the form factors and densities of baryons in the octet representation of the S U(3) flavor group. The electromagnetic current operator in QCD with 3 flavors is given by J µ = eψQγ µ ψ, where ψ is the quark field and Q the quark charge matrix,
where λ a are the Gell-Mann matrices. The term ∝ λ 3 in the current transforms as an isovector under S U(2) isospin rotations (V); the term ∝ λ 8 transforms as an isoscalar (S ), and the current can be represented as the sum of an isovector and an isoscalar current, J µ = J µ,V + J µ,S . The matrix elements of the isovector and isoscalar currents can be specified for each baryon state.
The baryons in the octet representation of S U(3) form four isospin multiplets multiplet baryons isospin N p, n I = 1 2
Within each multiplet we write the form factors as the sum/difference of an isoscalar and isovector component, are pure isovector. Equation (13) embodies the constraints imposed on the octet baryon form factors by isospin symmetry. The same decomposition applies to the spectral functions and the transverse densities.
Spectral functions
Chiral effective field theory
For the calculation of the baryon isovector spectral functions we use a manifestly Lorentz-covariant version of χEFT with S U(3) flavor group including spin-1/2 flavor-octet and spin-3/2 flavor-decuplet baryons. The pseudoscalar mesons and spin-1/2 baryons are described by fields in the S U(3) octet representation (rank-2 tensors)
The spin-3/2 baryons are described by fields in the S U(3) decuplet representation (rank-3 totally symmetric tensor)
The spin-1/2 fields B are introduced as relativistic bispinor fields (Dirac fields). The spin-3/2 fields are introduced as 4-vector-bispinor fields T ≡ T µ , which have to be subjected to relativistically covariant constraints to eliminate spurious spin-1/2 degrees of freedom. In the present formulation of the EFT the projection on spin-3/2 is implemented through the use of consistent interaction vertices (see below); i.e., the spin-1/2 degrees of freedom are allowed to propagate but are filtered out in the interaction [64, 65, 66, 67] . Electromagnetic interactions are introduced by the coupling to a 4-vector background field in the S U(3) octet representation,
The construction of the chiral Lagrangian with spin-3/2 fields and the formulation of a small-scale expansion have been described in Refs. [68, 69] . In the -expansion the octet-decuplet baryon mass splitting is counted at the same order as the pseudoscalar octet meson mass and momentum,
where denotes the generic expansion parameter. The chiral order N of a diagram is given by
where L is the number of loops, P H the number of propagators of hadrons of the type H and V k the number of vertices of a Lagrangian of order k. The standard power counting of χEFT is recovered with the extended-on-mass-shell (EOMS) scheme [41] , whereby the divergent parts of loop diagrams, along with the power-counting-breaking terms, are absorbed into the lowenergy constants following the MS prescription. The set of O( 3 ) χEFT diagrams contributing to the spectral functions of the form factors on the two-pion cut at t > 4M the electromagnetic field couples to the baryon through twopion exchange in the t-channel: the "triangle" diagrams (a) and (c) with octet and decuplet intermediate states, and the "tadpole" diagram (b). Within the dispersive representation Eq. (7) these diagrams account for the densities at peripheral distances
The two-kaon cut of the form factor at t > 4M 
where the vielbein is given by
and the mass term is given by χ
, s) are the quark masses; and f 0 is the meson decay constant in the chiral limit. For the couplings with the octet baryons we need the leading-
where the covariant derivative acts as
, with the chiral connection given by
The axial-vector fields a µ are set to zero in our case, and the two axial couplings are fixed as D = 0.80 and F = 0.46 [51] . Finally, when introducing the decuplet baryons, the Lagrangians that are needed are
where
, and γ µνρσ = 1 2 γ µνρ , γ σ . The covariant derivative acts on the decuplet as
The vertices in Eqs. (22) and (23) are consistent vertices (they transform covariantly under point transformations), which effectively implement the projection on spin-3/2 degrees of freedom.
The spectral functions (imaginary parts) resulting from the t-channel cut of the diagrams of Fig. 4 can be obtained by applying cutting rules [18] and are given by finite phase-space integrals, which do not require renormalization. We have also calculated the form factors themselves from the full set of O(
3 ) diagrams for the baryon electromagnetic vertex function (not shown in Fig. 4 ), including loop diagrams and their renormalization, and verified electromagnetic gauge invariance of the result. We have confirmed that our expressions reproduce the ones of Ref. [47] when reduced to the S U(2) flavor group. Further tests validating our calculation are described in Appendix A.
For the numerical evaluation we consider a range of values for the couplings and baryon masses that goes from the S U [49, 51] ). This provides an uncertainty band associated with the systematic errors and gives an estimate of the expected higher-order corrections. The meson masses are taken at their physical values, M π = 139 MeV, M K = 494 MeV. According to the chiral expansion the meson mass differences are of the same order as the meson masses themselves, whereas the baryons have a common mass in the chiral limit and the mass splittings are suppressed. This circumstance has important consequences for the description of peripheral baryon structure, as it ensures that the pion and kaon exchange contributions to the densities are evaluated with the physical masses and possess the correct ranges 1/(2M π ) and 1/(2M K ) already in the lowest order.
The O( 3 ) χEFT results for the nucleon isovector spectral functions are shown in Fig. 5 . The steep rise above the threshold at t = 4 M We note that this pattern ensures the proper scaling behavior of the form factors in the large-N c limit of QCD, where the N and ∆ become degenerate [18, 26] .
In Appendix B we compare the results of the present O( 3 ) calculation with those of Ref. [18, 26] , which used an "incon- sistent" form of the πN∆ vertex. The results for the ∆ contribution agree at O( 3 ) but differ by higher-order terms, which cause numerical differences of 20% in Im F 1 (50% in Im F 2 ) at t ∼ 0.6 GeV 2 (see Fig. B .12).
Improvement through unitarity
The χEFT expressions by themselves describe the baryon isovector spectral functions only in the near-threshold region
π . This can be seen clearly in the case of the nucleon, where the χEFT expressions can be compared with the spectral functions obtained from dispersion theory (see below) and was noticed in earlier χEFT calculations [27, 28, 29, 30, 31] . The reason for the discrepancy is the strong rescattering within the I = J = 1 ππ system in the t-channel, which manifests itself in the ρ meson resonance at t ∼ 30 M 2 π = 0.6 GeV 2 . In order to construct the baryon densities down to distances b ∼ 1 fm we need to extend the calculation of isovector spectral functions into the ρ meson mass region (see Sec. 2.2 and Fig. 3 ). This can be accomplished in an approach that combines the χEFT calculations with dispersion theory. We describe this approach first for the baryon form factors in which the two-pion cut starts at the normal threshold t thr = 4M thresholds with t thr < 4M 2 π in the strange baryon form factors will be considered subsequently.
On general grounds the baryon isovector spectral function on the two-pion cut can be expressed as (here t is real and t > 4 M 2 π ) [32, 33, 34] 
where k cm = t/4 − M 2 π is the center-of-mass momentum of the ππ system in the t-channel, Γ B i (t) is the complex I = J = 1 ππ → BB partial wave amplitude, and F π (t) is the complex pion form factor in the timelike region (see Fig. 6 ). Equation (24) follows from the unitarity condition in the t-channel and is valid strictly in the region up to the four-pion threshold, 4 M 
This representation has two advantages: (a) The function Γ
and therefore has no twopion cut; (b) the squared modulus |F π (t)| 2 can be extracted directly from the e + e − → π + π − exclusive annihilation cross section, without determining the phase of the complex form factor. Equation (25) is a variant of the N/D method of amplitude analysis [55] . The ππ → BB t-channel partial-wave amplitude is represented in the form Γ B i (t) = N(t)/D(t), such that the righthand cut (related to the t-channel exchanges) appears only in the factor 1/D(t) and the left-hand cut (related to the s-channel intermediate states) in the factor N(t). In the case at hand the D function is naturally chosen as the inverse pion form factor, D(t) = 1/F π (t) [34] .
The representation Eq. (25) suggests a new approach to calculating the spectral function on the two-pion cut. We use χEFT to calculate the real function Γ B i (t)/F π (t) at t > 4 M 2 π to a fixed order. We then multiply the result with the empirical |F π (t)| 2 , which contains the effects of ππ rescattering and the ρ meson resonance. The major advantage of this approach is that the χEFT calculation is not affected by the strong ππ rescattering, which would require higher-order unitarity corrections when 
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ChEFT Improved ChEFT treated within the χEFT. We therefore expect this approach to show much better convergence than direct χEFT calculations of the spectral function. From a general perspective, the organization according to Eq. (25) is consistent with the idea of separation of scales basic to χEFT. The function Γ B i (t)/F π (t) is dominated by the singularities of the baryon Born diagrams (or diagrams with πB inelastic intermediate states in higher orders), which are governed by the scales M π and m T − m B (the octetdecuplet mass difference). The t-dependence of the pion form factor, in contrast, is governed by the chiral-symmetry-breaking scale Λ χ , which is of the order of the vector meson mass.
In our χEFT calculation of the spectral function at O( 3 ) in Sec. 3.1 the function Γ B i (t)/F π (t) is effectively evaluated at O( 0 ) (cf. Footnote 2). At this level the pion form factor in the denominator enters at leading order, F π (t) ≡ 1, so that the χEFT result for Γ B i (t)/F π (t) is the same as that for Γ B i (t) itself. The prescription of Eq. (25) therefore simply amounts to multiplying our O(
3 ) results for the spectral functions by
This formula permits an extremely simple implementation of unitarity at O( 3 ). For the pion form factor we use the Gounaris-Sakurai parametrization including effects of ρ-ω mixing [70, 71] , with the parameters determined in Ref. [39] . The prescription Eq. (26) results in a remarkable improvement of the χEFT predictions for the spectral functions. The improved χEFT results for the nucleon (B = N) reproduce the spectral functions obtained from amplitude analysis (analytic continuation of the ππ → NN partial-wave amplitudes [35, 37] , RoySteiner equations [36] ) up to t ∼ 16 M 2 π = 0.3 GeV 2 within errors (see Fig. 7a and c) . Note that this is achieved without adding any free parameters and represents a genuine prediction of χEFT. The improved O(
3 ) results have qualitatively correct behavior even in the ρ meson mass region. We expect that higher-order χEFT corrections to the ratio Γ B i (t)/F π (t) would further improve the agreement with the dispersion-theoretical results at t > 0.3 GeV 2 [54] . The improvement according to Eq. (26) has a dramatic effect on the peripheral transverse densities of the nucleon (see Fig. 7b  and d) . At distances b ∼ 1 fm the improved predictions are up to an order of magnitude larger than what would be obtained with the original χEFT results. At distances b ∼ 3 fm the change is still by a factor ∼ 3. At asymptotically large distances (much larger than those shown in the figure) the improvement would change the densities by the constant factor
In order to extend the dispersive improvement to the other octet baryons it is necessary to discuss the role of anomalous thresholds in the strange baryon form factors [72, 73] . In the normal situation considered so far, the Born terms in the ππ → BB amplitudes give rise to singularities on the unphysical sheet of the baryon form factor, and the principal cut starts at the normal threshold t thr = 4M 2 π . Such is the case with the N and ∆ Born terms in the ππ → NN amplitudes. In certain special situations the Born term singularities in the ππ → BB amplitudes move onto the physical sheet of the form factor and give rise to cuts with anomalous thresholds at t thr < 4M 2 π . This occurs if [72] m
where m B is the mass of the baryon pole in the Born term, and the anomalous threshold is located at
Such is the case for the Λ pole in the ππ → ΣΣ amplitudes, which produces an anomalous threshold at t thr = 3.08 M 2 π . In a general dispersion-theoretical treatment with exact masses the contribution from the anomalous cut would need to be considered explicitly in the spectral representation of the form factors and the densities. In the present treatment based on leadingorder χEFT anomalous thresholds do not occur, as the octet baryon masses are taken at a common value in the chiral limit (this is required by the small-scale expansion) and therefore m B = m B in Eq. (27) . We can thus use Eq. (26) at leading order for the entire baryon octet. This feature is a consequence of our particular combination of χEFT and dispersion theory and permits a major simplification of the description of the strange baryon form factors. The anomalous threshold in the Σ form factors appears only in higher-order χEFT calculations and affects the behavior of the densities at very large distances; its contribution at realistic distances b ∼ 1 − 4 fm is expected to be small (cf. the discussion in Sec. 2.2 and Fig. 3 ).
An anomalous threshold would also appear in the KK → ΣΣ amplitudes through the N Born term, at
, if the exact baryon masses were used. Again this feature is absent in our leading-order χEFT calculation, where the N and Σ are taken at a common mass. In any case this anomalous threshold is only marginally lower than the normal KK threshold, so that its cut corresponds to a high-mass contribution that can be neglected in the peripheral densities on the same grounds as the normal KK cut.
Based on the preceding considerations we now use the prescription Eq. (26) to calculate the isovector spectral functions of the strange octet baryons on the two-pion cut. While we cannot compare with a dispersion-theoretical result in this case, we expect the approximation to be of similar quality as in the case To complete our assessment we want to quantify also the contribution of the two-kaon cut to the peripheral isovector densities in χEFT. Numerical evaluation shows that in the nucleon at b = 1 fm the isovector density from the two-kaon cut is smaller than that from the two-pion cut by an order of magnitude; at b = 2 fm it is already smaller by two orders of magnitude. Similar ratios are obtained for the strange octet baryons. We can therefore neglect the contributions of the two-kaon cut in the peripheral isovector densities. The quoted kaon/pion ratios refer to the χEFT densities before the dispersive improvement. An interesting theoretical question is how the dispersive improvement could be extended to the kaon sector through a coupledchannel formalism.
Isoscalar spectral functions
The isoscalar component of the baryon spectral functions behaves very differently from the isovector one and requires separate treatment. In the limit of exact isospin symmetry the isoscalar spectral functions arise from the exchange of an odd number of pions in the t-channel (G-parity). The lowest-mass exchange with vector quantum numbers is the three-pion exchange (t > 9 M 2 π ). In χEFT this contribution appears only at O( 7 ) and is very small [28] . Inclusion of the ω resonance through unitarity in the three-pion channel, in analogy to our treatment of the ρ in the two-pion channel, would be possible in principle but requires three-body unitarity techniques that are not readily available.
The present S U(3)-flavor χEFT generates an isoscalar term in the spectral function through two-kaon exchange. Its contribution to the peripheral densities is extremely small compared to the isovector densities, or the isoscalar densities resulting from ω and φ exchange (see below). Treatment of the φ as a resonance in the two-kaon channel, along the lines of the ρ in the two-pion channel, is impractical because of the mixing with the three-pion and other hadronic channels; see Refs. [74, 75] for a discussion.
In the present study we therefore model the isoscalar spectral functions of the octet baryons at t < 1 GeV 2 through phenomenological vector meson exchange (ω, φ),
The vector meson couplings of the octet baryons are obtained from S U(3) symmetry, certain assumptions about the F/D ratio, and the empirical vector meson couplings to the nucleon; see Appendix C. The contribution from states with t > 1 GeV 2 is strongly suppressed in the peripheral densities, so that the two-pole parametrization Eq. (30) is sufficient for our purposes. We do not aim for a precise description of the isoscalar sector here, as the peripheral densities are dominated by the isovector component.
Octet baryon densities
Charge and magnetization densities
Using the spectral functions calculated in Sec. 3 we now calculate the peripheral transverse densities of the octet baryons and study their properties. The studies of Sec. 2.2 have shown that at distances b > 1 fm the dispersion integrals Eqs. (8) and (9) are dominated by masses t < 1 GeV 2 , where our approximations in the spectral functions are justified.
In order to quantify the uncertainties of the peripheral densities we propagate the estimated theoretical uncertainties of the spectral functions through the dispersion integrals Eqs. (8) and (9) . In the isovector spectral functions we use the estimated χEFT errors in the region t < 16 M 2 π (as shown by the error bands in Fig. 7a and c) and assign an additional error of ±50% in the ρ meson mass region (these error bands are not shown in the insets of Fig. 7a and c but inferred from the comparison of the improved χEFT results with the amplitude analysis results [35, 36] in this region). In the isoscalar spectral functions we generate an error band from the uncertainties of the empirical ωNN couplings extracted from fits to the isoscalar nucleon form factor data [38] (see Appendix C and the parameters in Table C. 3). Note that the error estimates performed here are specific to the peripheral densities and do not take into account constraints resulting from the total isovector/isoscalar charges of the baryons, which would involve the densities at central as well as peripheral distances; these constraints would significantly reduce the error of the overall densities at b ∼ 1 fm.
The resulting charge densities ρ 
The densities with definite sign (positive or negative) are plotted on a logarithmic scale; for the densities with changing sign the plots show the radial densities 2πbρ 1 (b) and 2πb ρ 2 (b) on a linear scale. Several general features of the results are worth noting: (a) The densities decay exponentially at large b, as dictated by the analytic properties of Eqs. (8) and (9) . The decay rate depends on the effective masses in the spectral integral. The isovector densities decay approximately as ∼ exp(−M ρ b) at b ∼ 1 fm, and with a smaller effective mass at b > 2 fm, reflecting the changing distribution of strength in the spectral integrals (see Fig. 3 ). 3 The isoscalar densities decay as exp(−M ω b) at all b > 1fm. (b) At distances b > 3 fm the overall densities are dominated by the isovector component (if present). Isoscalar and isovector densities become comparable only at distances b < 2 fm. (c) Our approximations allow us to reconstruct the isovector density with an uncertainty of ∼ ±30% at b = 2 fm, and with significantly lower uncertainty at larger distances. We now want to inspect the densities of the individual baryon multiplets.
Proton and Neutron. The nucleon isovector densities were studied in χEFT in Ref. [18] . The dispersive improvement of the χEFT spectral functions carried out in the present work (see Sec. 3.2) significantly increases the peripheral densities (see Fig. 8b and d) and allows us to construct them down to much smaller distances b 1 fm. The nucleon isovector and isoscalar charge densities are both positive (see Fig. 9 ). In the proton charge density the isovector and isoscalar contribute with the same sign, leading to a positive total density with smooth behavior. In the neutron charge density the isovector and isoscalar contribute with opposite sign, causing cancellations and varying behavior of the total density. At distances b > 2 fm the isovector dominates and the total neutron charge density is negative, as expected from the intuitive picture of the "pion cloud" resulting from n → π − + p transitions (this interpretation can be demonstrated rigorously in the light-front representation of chiral dynamics [24, 25, 26] ). At shorter distances b ∼ 1 fm our results are consistent with a positive charge density in the neutron, as is observed in the empirical densities and has been discussed in the literature [8, 40] ; however, the uncertainties of our present calculation are large and do not allow us to predict the sign at b < 2 fm.
In the nucleon magnetization density the isoscalar component is significantly smaller than in the charge density, due to the comparatively small value of the ωNN tensor coupling (see Fig. 10 ). As a result, the isovector magnetization density dominates down to much smaller distances b ∼ 1 fm, and the proton and neutron have approximately opposite magnetization densities in the periphery.
In Refs. [18, 24] it was observed that the peripheral isovector nucleon charge and magnetization densities satisfy an approximate inequality | ρ (and similarly for φ) (see Appendix C and Table C. 2), resulting in identical peripheral charge densities (see Fig. 9 ). In contrast, the tensor couplings have opposite signs, a 14 isovector, cf. Eq. (31). They receive sizable peripheral contributions from the chiral processes with π ± Σ ∓ (octet) and π ± Σ * ∓ (decuplet) intermediate states. The signs of the transition charge and magnetization densities are opposite to those of the nucleon densities (see Figs. 9 and 10 ), as can be inferred already from the spectral functions (see Fig. 8 ). The relative magnitude of the isovector densities at distances b 3 fm is determined by the ratio of the spectral functions near threshold, cf. Eq. (29) and Fig. 8a and c ; at distances b ∼ 1 fm it is given by the ratio of the spectral functions in the vector meson mass region, cf. Fig. 8b and d . Σ + and Σ − . The charge densities of the Σ + and Σ − baryons are similar to the ones in the proton and neutron (see Fig. 9 ). In difference to the Σ 0 , in the Σ ± densities both isovector and isoscalar components are present, cf. Eq. (31) . The isovector charge densities ρ Σ,V and ρ N,V are similar at all distances b > 1 fm, because the isovector Σ spectral function is close to the nucleon one both near threshold and in the vector meson region, cf. Fig. 8a and b. The isoscalar charge densities ρ Σ,S and ρ
N,S
are likewise similar, because the ω couplings of the two baryons are close (see Table C .2). Altogether therefore the Σ + charge density is very close to that of the proton, and the Σ − charge density shows a sign change similar to the neutron; the details depend on the accuracy of our calculation of the isovector spectral functions and the modeling of the isoscalar ones.
The Σ + and Σ − magnetization densities are again similar to the ones in the proton and neutron, with some notable differences compared to the charge densities (see Fig. 10 ). In the magnetization densities the isovector ρ In the Ξ baryons the peripheral isovector charge density is substantially smaller than in the nucleon or charged Σ states (see Fig. 9 ). This reflects the fact that the isovector spectral function of the Ξ is relatively suppressed near threshold, cf. Eq. (29) and Fig. 8 a and c , because the intermediate octet contribution to the Ξ is small and comparable to the decuplet one. (In the other baryons the octet intermediate states clearly dominates in the periphery.) At the same time, the isoscalar density of the Ξ has normal size. As a result, in the Ξ charge density the isoscalar and isovector become comparable at slightly larger distances than in the nucleon and Σ. This has interesting consequences for the charge density of the Ξ − baryon, which is the difference of the isoscalar and isovector components. It suggests a sign change from a negative charge density at large b to a positive one at intermediate b, similar to the neutron, but with the transition happening at larger b than in the neutron (we cannot confirm this behavior as the estimated uncertainty of the total Ξ − charge density is larger than that of the neutron in the present calculation).
The results for the Ξ magnetization density resemble those for the Σ 0 and Λ baryons (see Fig. 10 ). Although an isovector component is present in the Ξ spectral function, it is extremely small (see Fig. 8 ), resulting in a tiny contribution to the magnetic density, (see Fig. 10 ). On the other hand, the contribution of the isoscalar vector mesons is larger for the Ξ baryons than for the rest of the baryons in the octet. This results in a magnetic density clearly dominated by the isoscalar component, even in the peripheral region. Given that the isoscalar component contributes in the same way for both, the Ξ 0 and Ξ − , and that the isovector component is negligible, the magnetic density profile comes out almost exactly the same for both baryons.
Flavor decomposition
It is interesting to study the quark flavor decomposition of the transverse charge and magnetization densities in the octet baryons [40] . For each baryon B the densities can be decomposed as 
where N f represents the total quark flavor content of the baryon as determined by the isospin and hypercharge; i.e., the number of "valence quarks" in the baryon. In the context of GPDs the densities ρ B, f 1 represent the integral of the quark and antiquark distributions at transverse distance b over the light-front momentum fraction x,
The flavor densities ρ B, f 2 are related in a similar manner to the quark distributions associated with the baryon helicity-flip GPDs. Note that the densities ρ B, f 1 can be positive or negative, depending on whether there are more quarks or antiquarks of flavor f at a given transverse position b. The flavor densities within the isospin multiplets are related by isospin symmetry,
For the flavor decomposition of the form factors and densities we need to separate the contributions of non-strange (u, d) and strange (s) quarks in the isoscalar electromagnetic current [cf. Eq. 
In our model of the isoscalar spectral functions, Eq. (30), the u + d densities are identified with the contribution of the ω pole, while the s densities are identified with the φ pole. We emphasize that this identification is based on the assumptions of vector dominance and ideal mixing (see Appendix C) and can only provide a rough estimate of the strange-nonstrange separation of the isoscalar current (for a discussion of the uncertainties of the flavor separation of the isoscalar nucleon form factors, see Refs. [74, 75, 76] ). The results presented in the following are intended only to illustrate the basic features of the spatial dependence of the flavor densities in the peripheral region. Using Eqs. (35) and (36) it is straightforward to calculate the quark flavor densities in terms of the baryon isovector, isoscalar up-down, and isoscalar strange densities. The quark flavor densities drop exponentially at large b with a rate determined by the relevant t-channel exchanges. In the u and d quark densities the isovector two-pion exchange dominates at large b (if present) and causes the densities to be of equal magnitude and opposite sign,
In the p, Σ + and Ξ 0 the peripheral u density is positive, and the d density is negative, as they result from processes with emission of a π + contributing to the u quark and d antiquark densities; in the n, Σ − and Ξ − the signs are opposite. At shorter distances b < 2 fm the u and d densities can show more complex behavior, as the isovector and isoscalar non-strange exchanges become comparable (ρ and ω). The strange quark density drops with the range of φ exchange and has no long-range component.
Of particular interest for baryon structure is the relative contribution of the various quark flavors to the charge density in the baryon at a given distance. It is convenient to consider the ratios
which at any b satisfy
and describe how the charge density at a given distance is decomposed over quark flavors. Because the exponential dependence of the individual densities on b cancels between the numerator and denominator, the ratios are of order unity and vary only slowly with b. They can therefore provide direct insight into the changing dynamics at different distances. Figure 11 shows the calculated ratios for the p, Such ratios would be expected in a generic mean-field picture of the motion of valence quarks in the nucleon, in which all quarks occupy the same orbital, and the ratio of the densities is simply determined by their numbers and charges [40] . We emphasize that the present calculation can predict only peripheral densities, and that the Figure 11b shows that the calculated s ratio at b = 1 fm is smaller in magnitude than −1/3, indicating significant deviations from the mean-field picture at these distances. This conclusion is supported by the presence of a substantial (within errors) non-valence d-quark density at b = 1 fm. (e) Similarly, in the Ξ 0 the mean-field picture would imply that
4 Figure 11c shows that the calculated s/u ratio at b = 1 fm is substantially smaller in magnitude than this prediction, and that there is a large non-valence d-quark density. Both observations point to the importance of π + Ξ − and π + Ξ * − components in the Ξ 0 at distances b = 1 fm.
Isospin breaking effects
Some comments are in order regarding the effect of isospin symmetry breaking on the peripheral baryon densities. In the present study we assume isospin symmetry, which allows us to strictly separate the isovector and isoscalar cuts of the baryon form factors and model the spectral functions accordingly. Baryon structure at distances b > 2 fm is dominated by the isovector two-pion cut. If isospin symmetry breaking were included, the isoscalar current would also couple to the two-pion cut (ρ-ω mixing), and the isoscalar density would develop a long-range component. In the baryons where an isovector component is present already in the isospinsymmetric case (p, n, Σ + , Σ − , Ξ 0 , Ξ − ), the effect of this coupling on the peripheral densities would be negligible. However, in the baryons where the isovector component is absent in the isospinsymmetric case (Σ 0 , Λ), the isospin-breaking coupling would qualitatively change the asymptotic behavior of the peripheral densities, resulting in a small long-range component that falls off like the isovector densities produced by the two-pion cut. A rough estimate suggests that this isospin-breaking component should be noticeable only at distances b > 4 fm, which are irrelevant for most practical purposes. From a theoretical perspective, though, the long-range structure of the Σ 0 and Λ can provide a sensitive test of isospin breaking effects in baryon structure.
Summary and outlook
In this work we have used methods of χEFT and dispersion analysis to calculate for the first time the peripheral transverse densities of all octet baryons and study their properties. We now want to summarize the main results and insights -methodological and phenomenological -and suggest directions for further study.
On the methodological side, we observed that the transverse densities offer a convenient framework for the dispersive analysis of the baryon form factors, as the contributions from highmass states at t 1 GeV 2 are exponentially suppressed and can be controlled by the parameter b. The framework is ideally suited for a dispersive analysis with dynamical input from χEFT.
The combination of χEFT with t-channel unitarity significantly improves the χEFT predictions for the baryon spectral functions on the two-pion cut. The N/D representation of the spectral function in Eq. (25) 3 ) are from new ππBB contact terms. At O( 5 ) the ππ → BB amplitude involves processes with πB intermediate states in addition to the Born diagrams, resulting in a much richer structure. Also, at O( 5 ) ππ rescattering in the t-channel becomes possible, and one should be able to explicitly observe the cancellation of the phase between the numerator and denominator. A calculation of the Λ-Σ transition spectral function in a similar approach was recently reported in Ref. [62] .
On the phenomenological side, we found that the octet baryons exhibit a rich peripheral structure as a result of twopion exchange between the electromagnetic current and the baryon (the ρ meson is included as a ππ resonance within our dispersive approach). Chiral processes with decuplet intermediate states contribute significantly to the isovector spectral functions at t ∼ 30 M 2 π = 0.6 GeV 2 and the densities at b < 2 fm. Their contribution qualitatively changes the results compared to octet intermediate states, including the relative strength of the spectral functions or densities in the individual baryons. The inclusion of the decuplet baryons as explicit degrees of freedom in the χEFT is therefore essential for a realistic description of peripheral baryon structure.
In the nucleon isovector spectral functions and densities, the interplay between N and ∆ intermediate states can be explained as a consequence of the large-N c limit of QCD. N and ∆ contributions together are needed for the χEFT results to satisfy the general N c -scaling relations, and their relative sign can be inferred in this way [18, 26] . It would be interesting to extend these large-N c arguments to the spectral functions and densities of the S U(3) octet baryons; see Refs. [77, 78] and references therein. In particular, this might explain why in the strange baryon spectral functions (Σ, Ξ) the contributions from decuplet intermediate states have opposite sign compared to the nucleon spectral functions (N), as seen in Table 1 . We plan to address this question in a forthcoming study.
Some comments are in order regarding the comparison of our results with baryon form factor data and empirical densities. For the nucleon (proton and neutron), empirical charge and magnetization densities have been determined by Fourier-transforming parametrizations of the space-like form factor data; see Ref. [11] for a discussion of the associated uncertainties. In order to reliably extract the peripheral densities at b > 2 fm it is essential to use form factor parametrizations with correct analytic properties, as the qualitative behavior in the b → ∞ limit is governed by the position of the singularities in the complex t-plane. Such parametrizations are provided by dispersive fits to the form factor data as described in Refs. [37, 38, 39] , and the resulting peripheral densities are studied in Ref. [40] . In these dispersive fits the isovector spectral functions on the two-pion cut are taken as a theoretical input, and the peripheral densities obtained from the fits just re-express the theoretical input in a different form. The comparison with our results therefore comes down to a theory-vs.-theory comparison of the spectral functions near threshold (or the densities at b > 2 fm) as performed in Fig. 7a and c. To improve the situation one should perform dispersive fits to the spacelike form factor data with flexible parametrizations of the isovector spectral functions at 4M 2 π < t < 1 GeV 2 (e.g. with variable strength near the two-pion threshold, and with variable height of the ρ peak), in order to test to what extent the spectral functions in this region could be constrained by spacelike form factor data. Such studies could answer the question how accurately peripheral nucleon structure could be extracted from present and future spacelike form factor data.
The Σ 0 -Λ transition form factor enters in the Dalitz decay Σ 0 → Λe + e − at timelike momentum transfers 4m
Precise measurements may be able to determine a combination of the slopes of the magnetic and electric transition form factors at t = 0 (magnetic and electric radii). The results could be compared with dispersive calculations of the transition form factors using the spectral functions computed in χEFT and dispersion theory, cf. Sec. 3.2 and Fig. 8 in this work and Ref. [62] . In the context of transverse densities the slopes of the baryon form factors determine the b 2 -weighted integrals of the densities, dF The electromagnetic form factors of the octet baryons are also being studied in lattice QCD [79, 80, 81] . If such calculations could determine the transverse densities at distances b > 1 fm, they could be compared directly with the peripheral densities estimated in our χEFT approach. In fact, comparing (or matching) lattice QCD and χEFT results at the level of the transverse densities may be very natural, as there should exist a region of "intermediate" distances b ∼ 1 fm where the densities can be computed reliably in either approach. This possibility deserves further study.
The combination of χEFT and t-channel unitarity (dispersive improvement) represents a general method that could be applied also to the baryon form factors of other operators with a two-pion cut, such as the scalar current and the energymomentum tensor. The basic idea and formulas of Sec. 3.2 remain the same, only the ππ → BB partial-wave amplitude and the pion form factor are replaced by the ones in the partial waves excited by the other operators [54] . The scalar and tensor operators also have transverse density representations that can be related to the baryons' partonic structure.
The studies reported here could also be extended to the form factors and transverse densities of the decuplet baryons [82] ; in the present calculation they appear only as intermediate states in chiral processes modifying the octet baryon matrix elements. The decuplet baryons are unstable particles with strong decays and finite width. Their electromagnetic form factors can be defined in the context of S -matrix theory, as the residue at the poles in the πN → πN amplitude, and calculated consistently in the framework of relativistic χEFT [47, 83] . The transverse densities associated with the ∆ form factors are of special interest because new angular structures appear in the spin-3/2 states [cf. Eq. (5) for the spin-1/2 states]. They are also of relevance for exploring the large-N c limit of QCD, where the N and ∆ become degenerate and can be viewed as rotational states of a classical mean-field solution [84] . The N-∆ transition form factors are measured in resonance electroproduction experiments and can be described in terms of transition densities [9, 85] . The form factors of decuplet baryons are studied also in lattice QCD [86, 87, 88] .
We expect that the methods used here will lead to more predictive studies of baryon form factors in χEFT, and at the same time extend its range of applicability to higher energies.
Appendix A. Validation of EFT calculations
To validate the χEFT calculations we have computed the octet baryon form factors themselves from the full set of O(
3 ) diagrams, even though only the t-channel cut diagrams of Fig. 4a , b and c are needed for our study of peripheral densities. Our results for the nucleon form factors fully reproduce those of Ref. [47] when reduced to the S U(2) flavor case, which is done by setting the contribution of the kaon loops to zero. The S U(2) coupling constants g A and h A correspond to the S U(3) constants D + F and −2 √ 2C, respectively. We have also verified current conservation (electromagnetic gauge invariance) with the O(
3 ) results for the current matrix element. The χEFT calculations were independently performed with two different methods: the analytic calculations were first done with the help of FORM [89, 90] , and then separately with FeynCalc [91, 92] . The two methods give the same numerical results.
Appendix B. Off-shell properties of spin-3/2 EFT
The χEFT used in the present study includes spin-3/2 decuplet baryons as dynamical degrees of freedom. In this appendix we comment on issues related to the off-shell properties of the EFT with spin-3/2 fields and compare our results to earlier calculations of transverse densities including the ∆ isobar [18, 26] .
The formulation of a relativistic quantum field theory with spin-3/2 fermions is inherently not unique. Relativistic invariance necessitates working with "redundant" fields containing spin-1/2 and spin-3/2 degrees of freedom, and the projection on [18, 26] and the present work. The curves show the total contribution resulting from the ∆ triangle graph, Fig. 4c , which includes the "intermediate ∆" and "contact" terms described in Refs. [18, 26] and in the text. physical spin-3/2 degrees of freedom can be performed unambiguously only on the mass shell, resulting in an ambiguity in the definition of the propagator and the vertices off the massshell [65, 66] . The ambiguity can be formalized as an invariance under point transformations [69, 93] . In the context of EFT it is contained in the overall reparametrization invariance -the freedom to redefine the field variables, changing the offshell behavior of the propagators and vertices, but leaving the on-shell amplitudes invariant. On-shell amplitudes calculated in EFTs with different choices of fields agree in the parametric order to which they were calculated but can differ by higherorder terms. The latter can give rise to numerical differences if the EFT expressions are used for numerical approximation.
In Refs. [18, 26] the spectral functions of the nucleon form factors were computed in a relativistic χEFT with spin-3/2 ∆ fields, using a Rarita-Schwinger propagator for the ∆, and the minimal form of the πN∆ vertex without explicit off-shell terms. The Feynman integrals obtained from the triangle diagrams with intermediate ∆ were separated into two parts:
(i) An "intermediate ∆" term, which results from the singularity of the integrand at the ∆ pole and can be evaluated by contour integration with the residue at the ∆ pole. This part of the spectral functions corresponds to the triple-cut [18] , as well as certain polynomial terms in t.
(ii) A "contact" term, which results from the parts of the integrand that are non-singular at the ∆ pole. This term leads to an integral of the same form as that resulting from the diagram with a ππNN contact term in the Lagrangian, and can be combined with the latter.
The separation is performed unambiguously within the reduction procedure described in Refs. [18, 26] . It is physically natural because ( In the present work we use a relativistic χEFT with spin-3/2 ∆ fields with consistent πN∆ vertices, which are constructed to be invariant under point transformations by making use of the Heisenberg equations of motion of the fields. This choice of vertices corresponds to a different off-shell behavior from that used in Refs. [18, 26] . It is instructive to compare the results for the spectral functions obtained with the two schemes. We find that: (a) The intermediate ∆ terms of the spectral functions (as defined above and in Refs. [18, 26] ) are identical in the two schemes. This confirms explicitly that these terms are independent of the off-shell behavior of the χEFT. (b) The contact terms obtained in the two schemes are identical at O( 3 ), which is the accuracy of the present calculation, but differ in higher-order contributions. In Im F 1 the differences appear at O( 5 ) (two orders higher than the nominal order), while in Im F 2 they appear at O( 4 ) (one order higher than the nominal order). This shows that the off-shell ambiguity manifests itself in the contact terms at the expected order.
In Fig. B.12 we compare the numerical results for the total ∆ contribution to the nucleon spectral functions (including both the intermediate ∆ and contact terms) obtained in Ref. [18] and the present calculation. One sees that the results have similar behavior in the near-threshold region but show significant differences at higher masses: ∼ 20% difference in Im F 1 at t = 0.6 GeV 2 , and ∼ 50% in Im F 2 . The pattern is consistent with the parametric orders of the differences (see above). As noted above, these differences are entirely due to the different contact terms in the spectral functions and could be compensated by adding explicit ππNN contact terms to the Lagrangian. Since the setup of Ref. [18] uses an arbitrary off-shell behavior, while the present formulation uses consistent vertices and can be extended to higher-order calculations, we consider the results of the present calculation more significant and use them in our study.
Altogether, the comparison with Ref. [18] shows that the O(
3 ) results for the spectral functions are independent of the off-shell behavior of the χEFT, as it should be. Differences between schemes appear only in higher-order contributions and could be compensated by adding explicit ππNN contact terms to the Lagrangian.
Appendix C. Isoscalar vector meson couplings
In this appendix we estimate the couplings of the isoscalar vector mesons (ω, φ) to the S U(3) octet baryons and describe the parameters in our model for the isoscalar spectral function, Eq. (30). Our treatment follows the approach of Ref. [94] and makes use of S U(3) symmetry, certain assumptions about the F/D ratios, and empirical meson-nucleon couplings. The coupling of the vector mesons to the octet baryons is described by the phenomenological Lagrangian density [95] 
where B is the baryon field, V µ is the vector meson field, and g V BB and f V BB are the vector and tensor couplings. In the case of S U(3) symmetry the flavor structure of the couplings is of the general form The couplings of the physical mesons to the baryons can then be determined by expressing the Lagrangian Eq. (C.1) in terms of the physical fields.
To determine the values of the S U(3) couplings we use empirical information on the couplings of the non-strange vector mesons to the nucleon (ρ 0 , ω), and theoretical assumptions about the F/D ratios. The ρ 0 NN and ωNN couplings are related to the S U(3) couplings as
Assuming that the baryons' electromagnetic couplings are dominated by their coupling to vector mesons (vector meson dominance), the ratios of the baryon electric charges and magnetic moments (or their S U(6) relations) provide two conditions on the ratio of F and D couplings [94] , The coupling of the vector mesons to the electromagnetic current is summarized by the current-field identity
(C.14)
The constants F V parametrize the coupling strength and can be inferred from the e + e − decay widths of the vector mesons, Γ(V → e + e − ) = (αM V /3)(e/F V ) 2 , where α = e 2 /(4π) ≈ 1/137 is the fine structure constant. For the ω we obtain F ω = 16. The results obtained for the various octet baryon states are shown in Table C .2.
With the g ρ 0 pp and g ωpp couplings of Ref. [95] (see above) the present model gives a small negative value of g φNN , as was obtained in earlier studies; see Ref. [94] and references therein. We note that the present model could also accommodate the "quark model" value g φNN = 0, which would be obtained with g ωpp = 3g ρ 0 pp ; see Ref. [94] for discussion. We emphasize that the φ meson couplings to the strange octet baryons are generated by S U(3) symmetry regardless of the precise value of g φNN , and that we are not aiming for an accurate description of the strange form factors of the nucleon in the present study.
To estimate the uncertainty of our parametrization of the isoscalar form factors we replace the fixed g ωpp and f ωpp values of Ref. [95] by the range of values extracted from a fit to the isoscalar nucleon form factor data [38] , Table C. 2). This set uses the range of ωpp couplings extracted from the fit to the nucleon form factor data of Ref. [38] , Eq. (C.18).
